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SHELL EQUATIONS

Stress resultants per unit length acting on an element of acylindrical shell are shown in figure 1.

X

Qy
Q +q_ ,dx /
x XrX
M Q N +N  _dx
-y X

/!

Figure 1l Forcesacting on ashell element

Equilibrium gives:
Nyxt Nyt X=0

1
Nyyt Nyxt EQy+ Y=0

1
Qy,y+Qx,x+ENy’Z=0
Myy,y+ Mxy,X-Qyzo
Mxxt Myxy- Q=0
M+ Rny’RNyxzo

(1)
(2)

(3)
(4)
(5)
(6)
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SHELL Equations 1-2
Thefollowing approximations:
My - My (7)
Ny - Ny 8)
Givesthe following three equations of equilibriumin the X-, Y- and Z-directions:
Nix¥ Ny X=0 (9)
1
Ny + Nogpct = Q,+Y=0 (10)
1
Mxx,xx+2Mxy,xy+Myy,yy+ENy_Z:O (11)
The relationship between stress resultants and the shell displacements u, v and w:
Myy= DO(Wyyy+OW1xx)
(13)
Mxy: DO(l-O)Wyxy (14)
Ny= (V,+o+ou,) 15
y (1_02) y R X ( )
Et w
x— u,to(v,+—
N gy (Ut o, 2)) (16)
Niy = o (V, +U,,) 17
Xy 2(1+0) X y ( )
The shell stiffnessis
D= EU 18
°T12(1-0%) (18)
Equilibrium equations expressed by the displacements u, v and w:
X -Direction : (19)
= (u,xx+ov,xy+3w,x)+i(v,xy+u,yy)+><=0
(1-0%) R 2(1+0)
Y -Direction : (20)
Et 1 Et Do
—(V,, t =W, +touU, )+ ——7(V, *tU, ) +— (W, +W,  )+Y=0
(1_02)( yy R y y) 2(1+0)( y) R ( yyy y)
Z -Direction : (21)

Et w

DO(W,XXXX+2W,XXW+W,WW)+m(v,y+ﬁ+0u,x)-z=0
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SHELL Equations 1-3

X -Direction Rearranged: (22)
ot u, )+ (2 By s (B yex=0
1-0? 2(1+o0) 7 1-0>° 2(1+0) Y R(1-09
Y -Direction Rearranged: (23)
( Eto 4 Et )u’x +(iv’ +iv’xx)+&(w, +W, +EW, )+Y =0
(1-0%) 2(1+0) Y 1-0d) Y 2(1+0) R w A
Z -Direction Rearranged: (24)
(ﬂ)u1x+(i)v'y+DO(W!xxxx+2W & w-2=0

sy T Wy )+ ()
R (1-0%) R(1-0%) Yo R2(1-07)
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SHELL Equations

14

w = A,msin(m%) cos(ny)
w, = (%) Amcosm®®) cos(ny)
W, = -(mTH)2 Amnsin(m%) cos(ny)
W, -(mTH)3 Amncos(m%) cos(ny)
W, = (mTH)4 Amnsin(m%) cos(ny)

_,n,,méd . @x, .
W oy _(E)(T) A,msm(mT) sin(ny)
_,n ., mé . 0 x
W oy _(E) (T) Amnsm(mT) cos(ny)
wy, = () AmsinmZ¥) sn(ny)
y o R AITh L y

W, = (R Amsin(m%) sn(ny)

=
[

n . . 6 x
oy = (E) A.msm(mT) cos(ny )
Vo= Busnm®X)sn(ny)
_mé . ax, .
Voo = -( C )" BmSiN(M C )sin(ny)
_,n.,még 0 x
Vi _(E)(T)ancos(mT) cos(ny)
% = (ﬂ) B sin(mﬂ) cos(ny)
y - R mn L y

vy = (Y B anmEX) sn(ny)

Yy
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SHELL Equations

1-5

u = C,mcos(mil_x) cos(ny)
u, = -m2%) csnm22%) cos(ny)
L L
Uy = -(m% )’ Com cos(milx) cos(ny)

. .n 260 . 20 X, .
Uy = (E)(mT)Cm”sn(mT) sn(ny)

u, = -(%)Zcmcos(m$) cos(ny)

—

L
|, 105 = J'sin(m%)sin(k%)dx ==, form=k
0

N

L
) 20X, . 0 x L
21°= |sin(m—=)sin( k—=)dx =—, for m=2k
P j (m="=)sin(k=~) >

e 20x . . 26 x L
22° = |sn( m—=)sin( k=—/=)dx=—, for m=k
I x j (m="=)sn(k="—=)dx=

’ 6 x 6 x L
11°= |[cos( m—=)cos( k—=)dx =—, form=k
I x j (m==)cos(k==) >

29 x ) cos( kﬂ)dxzh, for m= 2k
L L 2

L
1x21°= [cos(m
0

2‘9)()dx:%, for m=k

20 x )cos( k

L
22°= |cos(m
I x 6[ ( L L

g
1 115 = Isin(ny)sin(ly)Rdy =R@ forn=|
-6

6
ly11° = _[cos(ny)cos(ly)Rdy =R@& for n=|
-6
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SHELL Equations 1-6

fxlcmn+fx28mn+fXBAm:-Xcos(mzexo)cos(nyoj
_ . O xo .
folCmt fy2Bm* fy3Am=-Ysin(m )sin(ny, )
oy 0 xo
f,1Cm* f,2Bm* f,3Am= ZSiN(M )cos(ny, )
Virtual displacement in X-direction:
~ 20 x
u( x,y)= cos( k—— )cos( |
(X)) Zklzll ( 3 ycos( 1y )
Givesthe following coefficients:
Et 20m _, Et n .
f.l= -  — (= c c
X [1_02( (=) 2(1+0)( () Tx221vix
Eto Et mé n
fx2=( + )( )(E)|x21°|Y11°

1-0° 2(1+0) L
Eto

b7 (o)

mé
) ( C )1x21°1v11°

Virtual displacement in Y -direction:
~ . 0x, .
V(xy)= XY sn(k=")sn(ly)
k|

Givesthe following coefficients:

Eto Et 2mé
+

n R s
1ot 2(1r0) L (Rl

Et n Et mé C
1o (R ooy O DT barhu

Do ns , N, md, 12, n
f3= 20 (= P+ (=) —= P+ —=(-— S1,11°
v R[(R) (R)( C ) t2( R)]|x11|Y11

Virtual displacement in Z-direction:

f,1=(

f 2=

w( x,y):zklzllsin( k%)cos( ly)

Givesthe following coefficients:

Eto 2mé
f,1= - *ly11°
z (R(1-02))( T ) 1x2r vl
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SHELL Equations

1-7

Et n
2= - s c
z R(1_02)( R )X 1T Iv11

f,3= Dol (M2 )+ 2( L f(ME e (D

n
R

)+

1

2 S C
R2t2] I x11°1v 11
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SHELL Equations
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TANGENTIAL LOAD:
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SHELL Equations

1-9

W= A,ms'n(m%) sn(ny)

=
[

mé x, .
(T) AmCOS(mT) sn(ny)

=
g
I

mé ., . @x. .
("2 AmsinmZX) an(ny)
W = -(M9¥ Amcosm?X) sn(ny)

L L

W = (mTe)“Amsmm%)sm(ny)

Wy = ()Y Amsin(m) cos(ny )

_, N, mé ., . gx, .
_(E)(T) Amnsm(mT) sn(ny)

_ n . 0 x
W, = (E) Amnsm(mT) cos(ny)
W, = -(ﬂ)3 sin(mﬂ) cos(ny)

C (" asnm®) s

Wy = (R) Amsm(mL)Sn(ny)

. @ x
v = anSln(mT) cos(ny)

(M g mPX

Vo = (L ) BmSin(m C ) cos(ny)
= (M me 9%y g

Vi = (R)( C ) Bm COS(M C )sin(ny)

Vi

— . X,
= (R)ansn(ml_)sn(ny)

n . 6 x
Voyy—= '(_)2 B SiN(m—) cos( ny )
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SHELL Equations
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u = C,mcos(m%)sin(ny)
u, = -m2) csinmZX) sn(ny)
L L
U, = -(m%)zcmcos(m%)s'n(ny)

= (Mo dnmE
Uy = (R)(mL)Cmnsn(m L)COS(nV)

n gx. .
u, = -(E)zcmncos(mT) sn(ny)

—

L
|, 105 = J'sin(m%)sin(k%)dx ==, form=k
0

N

L
) 20X, . 0 x L
21°= |sin(m—=)sin( k—=)dx =—, for m=2k
I x j (m="=)sin(k=~) >

e 20x . . 26 x L
22° = |sn( m—=)sin( k=—/=)dx=—, for m=k
I x j (m="=)sn(k="—=)dx=

’ 6 x 6 x L
11°= [cos( m—=)cos( k—=)dx =—, form=k
I x j (m==)cos(k==) >

29 x ) cos( kﬂ)dxzh, for m= 2k
L L 2

L
1x21°= [cos(m
0

2‘9)()dx:%, for m=k

20 x )cos( k

L
22°= |cos(m
| x 6[ ( L L

g
1 115 = Isin(ny)sin(ly)Rdy =R@ forn=|
-6

6
ly11° = _[cos(ny)cos(ly)Rdy =R@& for n=|
-6
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SHELL Equations 1-11

6 .
gx1Cmn+gszmn+gx3Arm:'XCOS(mTXO)SIn(nyo)
_ . O xo
gylcmn+gYZan+gY3An‘n_'YS|n(mT)SIn(nyo)
R 0 xo
gzlcmn+gzzan+ 923Amn_ an(mT)Coqnyo)

Virtual displacement in X-direction:
~ gx, .
T(xy)= 3 D eos(k=")sn(ly)
k|

Givesthe following coefficients:

Et mé ., Et n .
1: - + - __ C Ss
9x [1_02( (=) 2(1+0)( (R)) T1x221vix
Eto Et mé ., n
2=- + _ c ss
Ox (1_02 2(1+0))( C (R harivi
Eto mé&
3= c ss
9Ix (R(l_oz))( D) 1x2r vl

Virtual displacement in Y -direction:
~ . 0 x
V(xy)= XY sin(k=")oos(ly)
k|

Givesthe following coefficients:

Eto Et mé ., n
1=- + o0 s cc
9y (1_02 2(1+0))( C () xerivan
Et n . Et mé .,
2= -( — + - s cc
9y [1_02( () 2(1+0)( (=) xarivar

Do ns,n,, mé , 12, n
3=="0[-(—)Y)-(— Y+ = ( — s cc
Oy R[ (R) (R)( C ) t2(R)]|x11|Y11

Virtual displacement in Z-direction:
~ . ax, .
W(x,y)=223n(kT)Sn(ly)
k|

Givesthe following coefficients:
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SHELL Equations 1-12

Eto mé
1= - s ss
9; (R(l_oz))( ) X2 1v1T

2—L(- ﬂ)| 11°1v11%°
gZ R( 1_02) R X Y

— m_94 ﬂzm_gz 24
9,3= Dol ( i )+2(R)( C )+(R)+

12 e
R2t2] | x11° 1v 11
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SHELL Equations

1-13

SHELL FORCES
The stress resultants expressed with the shell displacement functionsfor u, v and w:

The solution for radial load:

mf XYcos(ny )

o (Mo My s
M = Do( - ( C ) O(R) ) Amsin(

n m

M= Dol -0 (ng)z-( D)) Amsin

fx>cos<ny)

Moy Do(l'O)('ng)(%) Aon COS( mfx>sin<ny)

Et o n mé ... mé@x
< = — +0—=Bm* (-—— )Cm )SN cos(n
Ne =17 (R Am* O Bmt (-==)Cm)Sn(——)cos(ny)
Et 1 n mé ., m@x
= = + —Bmt0(-——)Cm )SiN cos(n
Ny =7z (g Am* RBm*0(-==)Cm)sn(—==)cos(ny)
Et mé n mé x . .
= mtT(-—=)Cm cos sin(n
Ny 2(1+0) ( C Bm ™ ( R)c: ) ( i ysin(ny)

The solution for tangential 1oad:
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SHELL Equations 1-14

= Do( (—) -o(— ) ) Amsin( 5 )sin(ny )

X)sm(ny)

M = Do ( 0(—) (o ) ) Amsin (1

mé n mé x
M = Do(l'o)("‘T)(E) Amn COS( ycos(ny)
Et o n mé ) méax . .
X= e n-o_ mr|+ - mn Sn sSNn(n
N 1_02(RAn g Bm® (=== )Cm )sin( )sn(ny)
Et 1 n mée . . méx. .
= — Am- —Bm*tO0(-— )Cm )SN sin(n
Ny =77 (g Am= gBm*0(-==)Cm)sin( )sn(ny)
N, = Et ( mo B +(+ )c ) cos( X)COS(ny)
Y 2(1+0) L m
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